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Boltzmann-Gibbs measures

po(@) = 2 T holx) § Ald)

n 0<p<n

» Markov chain Monte Carlo moves
P (X, € dx | Xn—1) = Mp(Xoe1,dx) st woMp = pg
» Updating transitions
pnt1 = Vp, (Mn)

U
Hn+1 = Mn+1 Mn+1 - \Ilh,,(,un)Mn+1
I

tn(fn) x E | £,(X,) H hp(Xp) | ~» Interacting MCMC
0<p<n



Subset methodology

A, decreasing sequence of subset levels

4

(@) = 5 4 TT 14,09 b Mob) = 1o 1a,(x) M)

n 0<p<n

» Markov chain Monte Carlo moves in each set A,
P (X, € dx [Xp—1) = Mp(Xn—1,dx) st. p,M, =,
» Updating transitions € A,11
Hnt+1 = WIAH1 (:un)

Important observation: [counting pb, volume computation, tail event
probability]

AMAR) = MAo) Z, = MAp) H 1p(1a,.,)
0<p<n



Interacting simulated annealing

() = ex0 (~(Bpor — 55 V()
I (Bo=0)

() = Zi T o0 b Ado) = ﬁ e~V \(dx)

n 0<p<n

» Simulated annealing style moves at temperature 1/,
P (X, € dx | Xn—1) = Mp(Xoe1,dx) st uoMp = pg

» Updating transitions w.r.t. inverse temperature variations

(ﬁnJrl - ﬂn)
i1 =V —@pr-s0v (fn)



Interacting Island models

&p,n = particle Feynman-Kac model ~ (My ,, Gp,,) and © ~ v(df)

X = (0?(59,n)n6[0,T]) _ 1
h(x) = névn(G&n) — pn(dx) = Z H hP(X) A(dx)
, 0<p<n
By the unbiased property (cf. lecture I)
Hn© eil = i H Mo n(GG n) I/(d@)
Z, ’ ’

0<p<n

» MCMC shaking moves in (parameter-island)-spaces

P (X, € dx |Xp—1) = My(Xp—1,dx) st uoMy = pg

» Updating w.r.t. the average fitness of the islands T}Q{H(Gg’n)



Rare event analysis
Tail probabilities
Level crossing probabilities
Excursion level crossing



Rare event analysis e

3 type of events:

» red Tail probabilities
P(X € A) & Law(X | X € A) C Boltzmann-Gibbs models
» Level crossing at a fixed given time
P(Vh(X,) >a) & Law((Xo,...,Xn) | Va(Xs) > a)
» Excursion level crossing
P (X hits A, before B)  Law ( (Xp)o<n<7, | X hits A, before B)
Examples:

Networks overload, breakdowns, failures, uncertainty propagation in
numerical codes, ruin-default probabilities.



Level crossing probabilities

» Level crossing at a fixed given time
P(Vy(X,)>a) = E (fn(X,,) eV"(X"))
= E fn(xn) H Gp(xp)
0<p<n
with
Xp = (Xp, Xpr1) and  Gp(X,) = Vo1 (Xni1) = Vi(Xn)
and the test function

fn(xn) = 1Vn(Xn)Za efvn(Xn)



Level crossing probabilities

» Level crossing at a fixed given time
P(Va(Xo) 2 3) = E(f(X,) ")
= E(fX) [] 6%
0<p<n
with
Xp = (Xp, Xns1) and  Gp(X,) = eVri1(Xni1) = Vi(Xn)
and the test function

f2(Xn) = Lv,(x,)>a e V(%)



Level crossing probabilities

> Level crossing at a fixed given time (continued)

Xp = (Xn, Xos1) and  Gn(X,) = Vo1 (Xni1) = Vi(Xn)

Conditional distributions w.r.t. the critical event

E (@n(Xo, -+ Xa) | Va(Xa) > )
=E (Fnp,(X0, -, Xn) (X)) /E (Fn1(Xos-- -, Xn) eVn(Xn))

= Qn(Fn,%)/Qn(Fn,l)

with the function

Fn’gpn(Xo, e ,X,,) = (p,,(Xo, e ,X,,) 1Vn(Xn)Za e



Excursion level crossing

Multilevel decomposition A, |, with B non critical recurrent subset.

P(X hits A, before B) = E [ ] 1a,(X7,)
0<p<n

Ty:=inf{p>To1 : X, € (A, UB)}

Feynman-Kac model in excursion spaces
E{ J] ta(Xn) | =E{ J] Go(X,)
0<p<n 0<p<n

with
Xy = (XP)PG[TanH] & Gn(xﬂ) = 1An+1 (XTn+1)



Excursion level crossing

Multilevel decomposition A, |, with B non critical recurrent subset.

P(X hits A, before B) = E [ ] 1a,(X7,)
0<p<n

Xy = (XP)PE[TanH] & Gn(xﬂ) = 1An+1 (XTn+1)
U

Conditional distributions

E (fn(X[o,TnH]) | X hits A, before B) = Qn(fn)



Sensitivity measures
Parameter derivatives
Gradient of Markov semigroup



Parameter derivatives

’Derivation FK models = FK Integration w.r.t. additive functionals

Computation of Feynman-Kac semigroup derivatives w.r.t. some
parameter § € R? (here d = 1)

Q,?(Xn—la an) = HS(Xn—th) Vn(an)

0 [ 4 6 6 6 6
= o5 B[ (G-, X7) IT 6lxd) | =< @ity x T5)

0<p<n

with the additive functional

0
M(X0s .-y Xn) = Z 20 log Hg(xp,l,xp)

1<p<n



Parameter derivatives (continued)

’Derivation FK models = FK Integration w.r.t. additive functionals

Example d =1 & (G?, M?) = (G?, M,)

9 0 _ mo(ré jz, (7 _nY 0 _ no(ro
% lOg Zn - Qn(rn) & ae@n(fn) - Qn(f” [rn Qn(rn)])

with the additive functional

9]
M(x0, .-y Xn) = Z % log Gy (xp)

0<p<n



Markov semigroup derivation (here d = 1)

Pa(F)(x) == E(f(Xa(x)))

with
Xnt1(x) = Fp(Xn(x), W) Xo(x) = x
I
1st order variational equation
8)@ A,aF}_l 8)@ 1

()Q—lamé 1

= II &

0<p<n

dx  Ox

FK-representation formula

VP,(f)(x) := Ex (Vf(Xn) H Gp(Xp, WP))

0<p<n

d > 1 Noncommutative models ~~ sequential proj. on the unit sphere



Estimation with partial observation
Nonlinear filtering
Hidden Markov chain problems



Nonlinear filtering and smoothing ol = [, ‘mwmul l0) da

'-———v > — W 5
P(TrIYr) _ Mitltt)PéTr|l)r Q‘—au
t

Signal-Observation model: (X, Y) = Markov chain

P ((Xn, Ya) € d(x, ¥)|(Xn=-1, Yn-1)) := Mp(Xn—1, dx) ga(x,y) va(dy)

> Conditional distributions: fixed obs. Y =y, G,(x,) x gn(Xn, ¥n)

Qn =Law((Xo,...,Xn) [YO<p<n Y,=y,)

» Normalizing constants:

Znt1 X< pp(Yos- - ¥n)



Hidden Markov chain problems

Pb: 6 (X Y?) ~ Arg-maxypn(yo, .- -, ¥n | 0)

Bayesian formulation:

1
dp(6 | (o, -+, ¥n)) = Z— Zns1(6) dp(6)
n+1
with

23n+1(0) - pn(yba'~'aYH| 0)

E( J] go(XSvp)

0<p<n
=TI mslgos)= J] ho(6) C Boltzmann-Gibbs models
0<p<n 0<p<n

NB.: Conditionally linear-Gaussian 19, ,(gp,0) or Island-models né\{p(gpvg)
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Hidden Markov chains (continued) ) ().
°c.p‘.¢° ©

‘u b, b0 05) b
(e)'b(o)v()'(‘) ()\()

olmmu
Scquenc
oy 0y 0y o, o5 o

Pb: 06— ()(97 Y‘g) ~ Arg—maxgpn(yo, vy Yn | 9) Fig. 1.3 The Markov Generation Model

Frequentists formulation: EM style algo. & Stochastic gradient

0p = 0p_1+ 7, Vlog 201
Note:

Derivation FK models = FK Integration w.r.t. additive functionals

0 0 00
20 log Z, = Q,(T)



Optimal stopping & Snell envelop

Optimal stopping time problems

SUpE fT XT H G
T<n 0<p<T

=inf{0<p<n: Up(Xp) < (X))

Solution:

with the Snell envelop backward equation (U, = f,) :
Upx) = 50V [ Quralx.dy) Upia()

= 60V [pn(ay) St

Ao (¥) Upta(y)

12

B VG [ na(an) M Upia(y)



Particle absorption models
QMC & DMC algorithms
Doob h-processes
Ground states-Quasi-invariant-Yaglom measures



Absorption models ~~ QMC+DMC algo. o /

®

‘:<

/

o

» Sub Markov operators ‘/
Qn(x,dy) = Gp_1(x) My(x,dy) ~ E; = E,U{c}

» Absorbed Markov chain model

absorption ~(1—G,)  ~ c exploration ~ M1

X € ES X .

n

Qn = Loi((X§, ..., XS) | TP > p)

et
Zn — Proba (Tabsorption > n)



Doob h-processes (G,, M,) = (G, M)

> Reversibility condition : p(dx)M(x, dy) = u(dy)M(y, dx)
Proba (Tabsorpt’b” > n) ~ \"
with A\ = top of the spectrum of
Q(x, dy) = G(x) M(x, dy)
» Q(h) = Ah ~» Doob h-process X"

M"(x, dy) = %h_l(x)Q(x, dy)h(y) = Qe dNAly) _ M(x. dy)hiy)

Q(h)(x) M(h)(x)



Doob h-processes : FK formulation

Qn(d(x0y- -, xn)) x Proba((Xé’7 .. 7X,f) € d(x0,---4Xn)) h_l(xn)

I

Correspondance formulae with the invariant measure uy = p,M"

= Vim(n) & = Va(nn)
and
Moo = Vnm() & 0l = Vi(neo) = Vanen (1)
Pysical interpretation G = e~": e

electronic excited
o

Moo = V6 (700) = Wh(p) o h dp
= h =ground state energy

Mathematical biology: 7.0= Quasi-inv. or Yaglom measure



Doob h-processes : Particle approximations

» Updated limiting population distribution:

\UG(WOO) >~y \UG(%O) = ‘Uh(,u) x hdu

» Particle invariant measure approx.

Nh(f) ~n Qn(?n) ~nN Q,’y(?n) with F = — Z f Xp

0<p<n

» For G = G related toQEwa::%logGa

1 0 —
log \? ~ ni—logZS+1 ~y QV(F,)

a0 +100
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